Microstructure Sensitive Design (MSD) is a newly developed mathematical framework that facilitates rigorous solutions to inverse problems in microstructure design of materials. In this paper, this methodology is applied to an orthotropic thin plate containing a circular hole subjected to an in-plane uniaxial tensile load. The primary design objective is to maximize the load carrying capacity of the plate while avoiding plastic deformation in the plate. Making use of the inherent anisotropy of fcc polycrystals arising from distribution of lattice orientations (also referred to as crystallographic texture), microstructures have been identified in copper that are predicted to yield the best and worst possible performance, respectively. The microstructure with the best load carrying capacity was found to show an increase of about 59% compared to the microstructure with the worst load carrying capacity. The solutions from the MSD methodology were validated by direct comparisons from finite element simulations that employed a Taylor-type polycrystal constitutive model at each integration point. A reasonable agreement was obtained between MSD predictions and finite element simulations.
Introduction
In recent years, the discipline of materials science has witnessed the emergence of a grand challenge that had always implicitly defined this multidisciplinary field, namely, the ability to identify and process specific materials and microstructures that are predicted to meet or exceed multiple properties/performance criterion stipulated by the designer. Olsen (1997 Olsen ( , 2000 labeled this new paradigm as the ''goals-means'' approach. This contrasts sharply with the traditional ''cause and effect'' approach that is driven mainly by innovations in processing, which typically focuses only a limited number of readily manufacturable microstructures. This inverted paradigm of materials design is especially critical for highly constrained design (HCD) applications, where the designer faces increasingly complex requirements with multiple property objectives/constraints and material anisotropy affecting system performance. It is in this context that the authors and their collaborators have recently proposed a new microstructure design framework called Microstructure Sensitive Design (MSD) (Adams et al., 2001) .
MSD comprises a novel methodology to identify the best of all possible microstructures within a given mechanical and physical framework that meet the stipulated design performance requirements. Thus, information flow is in the ÔinductiveÕ direction: design objectivesfipropertiesfimicrostructurefiprocessing. A dominant characteristic of MSD is its use of spectral representations in all aspects of the problem. These representations of microstructure can be used with established homogenization theory to estimate the effective properties of the material, and to frame the design requirements. The tensorial nature of spectral representations of microstructure and microstructure/properties relations insures that an optimally compact and complete representation of microstructure is used-no more and no less than what is precisely needed for the representation of the problem. The reader is referred to an earlier paper (Adams et al., 2001) for further details of the technique, where the example of the optimal design of material microstructure for a compliant beam component was worked out in detail. In the present paper, a new case study is presented that centers on the design of the optimal microstructure for a thin orthotropic plate with a small circular hole subjected to an in-plane tensile load. This case study expands the scope of MSD over the previous case study (Adams et al., 2001) in at least two ways: (i) this case study involves a multi-axial stress state whereas our previous case study involved only a uniaxial stress state imposed at the macroscale, and (ii) we present verification of the MSD predictions for the best possible performance by direct comparisons with corresponding finite element simulations.
The design problem-plate with a circular hole
Holes and notches occur frequently in engineering design. Special attention is paid in designing components containing notches or holes, since it is well established that they have a major effect on design life of the components, especially in fatigue loading. Mechanical design handbooks such as: CRC Materials Science and Engineering Handook, (Alexander, 2001) , Handbook of Materials for Product Design (Harper, 2001) , and SAE Fatigue Design Handbook (SoAEFDaE, 1997) depict a number of charts providing estimates of stress concentration factors that depend on the geometry of the notch. However, in virtually all of the design handbooks, the material is assumed to possess isotropic mechanical properties. This practice, however, is in direct conflict with the trends in new materials development, where one of the major goals has been to enhance properties of the material in certain directions while sacrificing properties in other directions where they are not as needed (e.g. development of laminated composite systems). Anisotropy of the material is bound to play an extremely important role in highly constrained design (HCD) applications. In design of components with notches and holes, a relatively small reduction of the stress concentration factor can lead to a significant increase in the design life of the component (e.g. a 20% reduction in stress concentration factor can produce a 900% increase in the high-cycle fatigue life of a component made from SAE 4340 steel). In this preliminary case study, we explore the design of a thin orthotropic plate with a circular hole subjected to in-plane tensile load.
The primary objective in this design (see Fig. 1 ) is the maximization of the load carrying capacity, r 1 . The plate must provide this load carrying capacity without plastic yielding (primary constraint). Thus, both elastic and yielding properties are germane to the problem.
In this case study, we restrict our attention to only the orientational variables of the microstructure and their volume fractions (i.e. crystallographic texture). Note that the MSD framework, in principle, is capable of including other microstructural state variables (e.g. compositions) and higher-order spatial correlations [e.g. twopoint correlations of orientations and compositions (Adams et al., 2001) ]. Introduction of these other features does increase significantly the computational load, and will be explored in future studies.
Mechanical and physical framework of the design problem
The stress distribution around a circular hole in a thin orthotropic plate, was derived by Lekhnitskii (1968) to be circumferential in nature, and given by 1
where h is the angle measured from the x-axis, r 1 is the stress applied at the edge of the plate (in the x-direction), G xy and m xy are shear modulus and Poisson's ratio in the x-y plane, and E x and E y are Young's moduli in the x-and y-directions, respectively. Note that only four elastic constants (E x , E y , G xy , and m xy ) appear in this plane-stress design problem, and that their values are dictated by the details of the material microstructure.
Next, the orthotropic Hill yield description (Jones, 1999) is used to assess the initiation of plastic deformation in the plate. For plane stress conditions, it reduces to
where G, H, F, and N are orthotropic yield strength parameters that depend on the details of the material microstructure. Substituting the solution for the stress field around the hole [Eqs.
(1-3)] into Eq. (4) yields
Note that, based on Eq. (4), the terms (G+H) and (F+H) can be related to uniaxial yield strengths of the material in x-and y-directions, respectively, and N can be related to the shear yield strength of the material in the x-y plane. Note also that the equi-biaxial strength of the plate loaded in x-and y-directions is related to (G+F) and therefore one can derive an expression for H in terms of the uniaxial yield strengths in x-and y-directions and the biaxial yield strength.
In summary, the engineering performance of the plate in this design is controlled by four elastic parameters (E x , E y , G xy , m xy ) and three plastic yield parameters (G+H, F+H, N)H). For given values of these seven parameters, Eqs.
(1)-(5) provide an expression for r 1 as a function of h. The load carrying capacity is simply determined by the minimum value of r 1 that satisfies Eq. (5) anywhere in the range h 2 0; 90 ½ . The seven parameters listed above control the performance of the plate, and are in turn strongly dependent on the details of the microstructure.
The microstructural design variable selected here is the one-point statistics (i.e. volume fractions) of the distribution of crystal lattice orientations (i.e. crystallographic texture). Therefore it is necessary to develop relationships between the macroscale elastic and plastic properties listed above and crystal orientations and their (statistical) distributions.
The fourth-rank elastic stiffness of a cubic crystal in its own reference frame (aligned with the [100] directions) can be expressed as
where C 11 , C 12 , and C 44 are material constants representing the independent elastic constants in the local frame for cubic symmetry, and d ij represents the Kronecker delta function. The same elastic stiffness can be expressed in the fixed global reference frame (attached to the sample) as
where g ij represents the rotation matrix that transforms the crystal reference frame to the global reference frame. This transformation can be accomplished as a sequence of three rotations, and the set of the three rotation angles associated with these rotations can be represented conveniently as a set of Euler angles (Bunge, 1993) . In other words, the lattice orientation of a crystal, g, can be represented equivalently either by the set of Euler angles (g ¼ [/ 1 , U, / 2 ]) or by the rotation matrix g ij , and their interrelationships are well established in literature (Bunge, 1993) . The upper bound theory (Adams et al., 2001 ) is employed to obtain the elastic stiffness of the polycrystal representing the material microstructure.
In Eq. (8), f(g) represents the orientation distribution function (ODF), and represents the normalized probability density of finding a crystal of orientation g (Bunge, 1993) . The integral in Eq. (8) is performed over the set, M c , comprising all possible single crystal orientations (taking into account cubic symmetry of the crystals); this set is called the material set.
Note that for a given microstructure, the elastic constants needed for the design of the orthotropic thin plate (namely E x , E y , G xy , and m xy ) can be obtained from C ijkl , using established relations in literature (Jones, 1999) .
For plastic yield properties, the overall approach taken here is to use a Taylortype crystal plasticity model and extract the relevant properties for the design (G, F, H, and N) from the predictions of the crystal plasticity model for a given microstructure. The details of the crystal plasticity model used in this study are briefly reviewed next, using a notation which is now standard in modern continuum mechanics. In particular, the deformation gradient is denoted by F, the velocity gradient by L, and the symmetric Cauchy stress by T.
Assuming small elastic stretches but large plastic deformations, the equation for stress at a material point in a single crystal is expressed as
where C is the fourth order elasticity tensor described earlier [Eq. (7)], and F Ã is an elastic deformation gradient defined in terms of the deformation gradient F and a plastic deformation gradient F p with det F p ¼ 1.0 (plastic incompressibility), by
The plastic deformation gradient is, in turn, given by the flow rule 1 Einstein's summation convention implying summation on repeated indices is employed in this paper.
where m a o and n a o are time-independent orthonormal unit vectors which define the slip direction and the slip plane normal of the slip system a in a fixed (initial) reference configuration, respectively, and _ c a is the plastic shearing rate on this slip system. The plastic shearing rate on the slip system a is taken as
where s a and s a are the resolved (Schmid) shear stress and the slip resistance associated with slip system a, _ c o is a reference value of slip rate (typically set to 0.001 s À1 ), and m is a slip rate-sensitivity parameter (for plastic deformation of metals at low homologous temperatures, this parameter is given a very small value, typically around 0.01, to approach rate-independent behavior). For the present problem, we are only interested in the yield properties. Consequently, s a for all slip systems was assumed to be same and equal to s o .
The most widely used approach to obtain the response of a polycrystal from the response of the individual grains is to use extended Taylor's assumption of iso-deformation gradient in all of the crystals comprising the polycrystal. Furthermore, if all grains are assumed to be of the same size, the Cauchy stress in the polycrystal can be taken as a simple number average of the Cauchy stresses in the various grains. Therefore, employing these assumptions, the macroscopic Cauchy stress in the polycrystal T À Á can be expressed as
where N c is the number of crystals in the aggregate, and T ðkÞ is the Cauchy stress in the crystal [labeled (k)].
Typically, a specific imposed macroscopic velocity gradient tensor is provided as input to the Taylor-type polycrystal model described above, and the macroscopic stress history is obtained as an output form the model. For the problem at hand, the following velocity gradient tensor can be imposed on a given polycrystal L ¼
where the imposed strain rate _ e may be arbitrarily set to 0.001 s À1 , and different values are assigned to both a and b in the range [0,1]. The stresses obtained from these computations can be interpolated to extract the yield strength of the polycrystal in three specific stress states, namely, uniaxial stress in x-direction, uniaxial stress in y-direction, and equi-biaxial stress in x-and y-directions. Using these three yield strengths in the Hill's anisotropic yield function [Eq. (4)], we can obtain values for three of the anisotropic yield parameters, namely, G, H, and F. Next, imposing a monotonic simple shear deformation in the x-y plane on a polycrystal and obtaining the shear yield of the polycrystal, and using that value in the Hill's anisotropic yield function will provide a value for N. Therefore, it is possible to use the Taylor-type polycrystal plasticity model and extract a set of values for all of the required anisotropic yield parameters in Hill's anisotropic yield function as described above. It should be noted that alternative, and more refined, descriptions of yield functions have been proposed by Barlat et al. (1991 Barlat et al. ( , 1997 , Khan and Cheng (1998) , Han et al. (2003) for orthotropic polycrystalline materials. It was, however, found that the results for the present problem were not sensitive to either choice of the yield function.
Microstructure optimization by MSD
The goal of MSD for the present problem is to identify all possible microstructures within the context of chosen physics and mechanics of the problem that will result in best performance. In the present context, this translates to identifying all possible textures that will lead to best possible performance within the chosen mechanical framework (the upper bound theory for elastic stiffness, the Taylor-type polycrystal code for plastic yield, and the Hill's anisotropic yield function). Note that the number of distinct choices for textures is indeed infinite, and there currently do not exist any alternative methodologies that can potentially find the solution(s) to this inverse problem.
In the MSD framework, we start with a spectral representation of the relevant statistics of the microstructure. For the present problem, this is the orientation distribution function f(g). An appropriate set of orthonormal basis functions, _ € T mn l g ð Þ, that reflect the needed crystal and sample symmetries have already been provided by Bunge (1993) . Following Bunge, the spectral representation of f(g) can be expressed as
Note that the set of Fourier coefficients F mn l È É in Eq. (15) identify uniquely the function f(g), i.e. there exists a one-to-one correspondence between them.
Procedures to obtain the Fourier coefficients for any given function f(g), using inverse-Fourier transforms, are detailed in Bunge (1993) . However, Fourier coefficients corresponding to single crystal orientations are more easily obtained. It should be noted that for a single crystal, the orientation distribution function is correctly represented by a dirac-delta function, and therefore the corresponding Fourier coefficients can be obtained simply by evaluating the basis functions _ € T mn l g ð Þ at the specific orientation (Bunge, 1993) .
The complete Euler space, representing all possible single crystal orientations, was populated with about 1000 evenly distributed single crystal orientations. The Fourier coefficients for this set of 1000 single crystal orientations were computed using the methods described above. These coefficients were used to delineate a convex hull that represents all possible polycrystal orientation distribution functions (Adams et al., 2001 ). This microstructure hull in its first three-dimensional subspace is shown in Fig. 2 . The following inherent attributes of the microstructure hull are worth noting: 1. Polycrystals are by definition comprised of single crystals; all polycrystal ODFs are therefore simply a volume weighted average of the constituent single crystal ODFs. This relationship between single crystal states and the universe of possible polycrystal states imparts convexity to spectral representations of the type shown in Fig. 2 . The convexity of the microstructure hull in Fig. 2 implies that all possible polycrystal ODFs necessarily reside inside the hull, i.e. polycrystal ODFs corresponding to points outside the hull are impossible. 2. The microstructure hull shown in Fig. 2 is the same for all cubic polycrystals (including all fcc and bcc materials). 3. The microstructure hull is shown in Fig. 2 in only its first three-dimensional subspace. Its representation, in reality, extends to infinite dimensions [see Eq. (15)]. Convexity of the microstructure hull described earlier guarantees this convexity in all subspaces. It should, however, be noted that although the representation Fig. 2 . The microstructure hull for ODFs of cubic polycrystals in the first three dimensions. Only the exterior surface of the hull is shown, with different colors representing different parts of the exterior surface. Furthermore, to improve the clarity of the figure, the top surface encompassing the convex hull has not been shown in this figure. of the microstructure hull extends to infinite dimensions, only a finite number of these dimensions control the selected physical or mechanical property of interest to a specific design problem (Adams et al., 2001; Bunge, 1993) . Having identified the microstructure hull, we now turn our attention to representation of properties and performance in this hull. In general, the functional dependence of any tensorial property of a single crystal on its lattice orientation [generically denoted by P(g)] can be represented in Fourier space as
where P mn l È É represent a set of Fourier coefficients specific to the selected tensorial property. If a simple volume averaging homogenization rule [often corresponding to upper bound theory; see Eq. (8)] is selected for the overall property of the polycrystal, it can be expressed as
Substituting Eqs. (15) and (16) in Eq. (17), and exploiting the orthonormality of the basis functions, _ € T mn l g ð Þ, results in the following desired expression.
Eq. (18) indicates that if a simple volume averaging homogenization rule is employed, the iso-property surfaces in the Fourier space are strictly hyperplanes Adams et al. (2001) . For the design problem at hand, there are nine independent elastic stiffness parameters (for orthotropic microstructures) that define C ijkl [Eq. (8)]. Fourier representations were derived for each of these parameters assuming the single crystal elastic constants of copper (C 11 ¼ 168.4 GPa, C 12 ¼ 121.4 GPa, C 44 ¼ 75.4 GPa). As an example, the following expression was derived for C 1111 for copper polycrystals. GPa ð19Þ
This expression indicates that for the chosen physical framework of the problem, the dependence of elastic properties on the microstructure extends only to the first three dimensions in the Fourier representation. A plot of the maximum percentage error in the Fourier representation as a function of the number of terms in the expression is shown in Fig. 3 . For elastic properties, the error goes to zero after the first three terms in the Fourier representation. Note also that the drop in the error is quite steep with the inclusion of additional terms in the Fourier representation, even in these first three terms.
For the yield properties, different velocity gradient tensors of the type described in Eq. (14) were imposed on different single crystal orientations. The resulting functional dependence of each stress component in each crystal on its lattice orientation was expressed in Fourier space by linear regression techniques for each choice of the velocity gradient tensor. By virtue of the Taylor assumption described above, the overall stress state in the polycrystal is given by
Using this approach, we have developed expressions for the overall stress states in the polycrystal as a function of the microstructure for different choices of a and b in Eq. (14), and numerically interpolated these results to find the yield strength of the polycrystal in the three specific stress states needed for the present design problem (uniaxial tension in x-direction, uniaxial tension in y-direction, equi-biaxial tension in x-and y-directions). Fig. 3 shows a plot of the maximum error in prediction of the yield strength in x-direction using Fourier representations as a function of the number of terms used in the expansion. Although a sharp decrease in error is observed with the inclusion of the first three terms, thereafter the decrease in error with additional terms is rather slow. For the chosen rate-sensitivity parameter [m ¼ 0.01 in Eq. (12)] in this example, it can be shown theoretically that the error in this representation will go to zero by considering all terms up to l ¼ 202 in the Fourier expansion [Eq. (15) ]. However, note that the maximum error is plotted in Fig. 3 , and a maximum error of 10% is quite reasonable for the present case study. Therefore, the rest of the analysis is carried out with only the first five terms in the expansion.
Having established the functional dependence of the required elastic and plastic parameters with the microstructure in the Fourier space, it is relatively easy to search through the microstructure hull to find the locations of optimal overall performance. For the present case, the search was done by first binning (in five dimensions) the microstructure hull coarsely, and then refining the discretization in the areas of interest to further narrow down the location of best performance. The solutions in Fourier space corresponding to best and worst performance are shown in Table 1 .
The solutions described in Table 1 indicate that the best performance corresponds to an improvement of about 59% in load carrying capacity compared to the worst case. This can have a major effect on service life of components in fatigue loading conditions. Another significant result from the present analysis that the random microstructure (corresponds to origin in the microstructure hull) has a performance of about 1.02 r o , which is significantly closer to the best performance compared to the worst performance. A far-reaching implication of this result is that Table 1 ).
a much larger number of microstructures are likely to perform worse than the random microstructure compared to those that perform better than the random microstructure. It is especially important that designers understand this result, because in many designs the properties corresponding to random microstructure (isotropic assumption) are often utilized, however the real microstructures used are seldom random. By repeated trials, we have identified two specific textures that lie somewhat close to the two locations identified in Table 1 , respectively. The (111) pole figure of a texture whose Fourier representation lies at ()0.38, )0.13, )0.13, )0.36, 0.30) is shown in Fig. 4(a) . Note that this location is close to the location that has been predicted to exhibit the best possible performance in Table 1 . Note that this texture can be identified as being close to a (111) fiber texture normal to the plane of the plate. Fig. 4(b) shows the (100) pole figure of another texture whose Fourier representation lies at (0.575, )0.06, )0.55, )0.18, 0.16). Note that this texture is somewhat close to the location corresponding to worst performance in the Fourier space, and this texture can be identified as being close to a cube texture rotated by 45°in the plane of the plate.
Verification of MSD predictions
One of the major objectives of the present study was to verify the MSD predictions with direct comparison against corresponding finite element predictions. A Fig. 5 . The finite element mesh of the quarter of the orthotropic plate with a circular hole in the center. The mesh consists of 384 three-dimensional solid elements, and an elastic-viscoplastic Taylor-type crystal constitutive model was employed at each integration point in the mesh. The contours shown correspond to the accumulated local plastic strain at yield.
three-dimensional finite model consisting of 384 eight-noded linear solid elements was constructed (see the mesh in Fig. 5 ). Only one-quarter of the square thin plate was simulated and appropriate symmetric boundary conditions were imposed. A uniform displacement boundary condition was imposed on the edge of the plate and plastic strain contours around the hole were monitored carefully to detect initiation of localized yielding in the sample. The geometry for the numerical model was selected such that the hole radius was 1/100 of the plate width and the thickness of the plate was 1/10 of the hole radius. The mesh employed a much higher spatial resolution near the hole and two layers of elements were used in the thickness direction.
The simulation was performed in ABAQUS using a UMAT (user defined material subroutine) that incorporates the Taylor-type elastic-viscoplastic polycrystal model described earlier at each integration point in the mesh. Details of the numerical procedures used and the validation of these procedures can be found in several previous publications of one of the authors Kalidindi and Anand, 1994; Kalidindi et al., 1992; Van Houtte et al., 2002) . Simulations were carried out for the specific textures shown in Fig. 4 . Each integration point in the finite element mesh was assigned the selected polycrystalline, and the Taylor-type model described earlier was implemented to represent the material constitutive response at each integration point. Typical contours representing the accumulated plastic strain at the initiation of localized yielding in the vicinity of the hole are shown in Fig. 5 .
In the finite element simulations, the evolution of the equivalent plastic strain around the hole was monitored, and the load carrying capacity was assumed to have been reached when the maximum local equivalent plastic strain reached a value of 0.005. The contours of the accumulated plastic strain were similar for both textures. Interestingly, we find the stress concentration factors for both textures to be significantly lower than the stress concentration factor for a random texture. Further, it was also noted that the stress concentration factor was actually slightly higher for the texture that produced the best performance compared to the texture that produced the worst overall performance. This means that the slight increase in the stress concentration factor was more than offset by the much larger increase in the yield strength associated with the solution corresponding to the best performance. The ratio of the predicted load carrying capacities for the two different textures from the finite element simulations was 1.45. The ratio of the predicted load carrying capacities from the MSD analyses for these specific textures was 1.54. These numbers indicate that the MSD predictions are reasonably accurate. Note that we have accepted some errors in the estimation of the plastic yield properties by limiting the number of terms in the Fourier expansion to the first five terms. The accuracy of the MSD analyses can be improved, as needed, through consideration of the higher order terms in the Fourier expansion. It should also be noted that there are some approximations in the analytical solution provided by Lekhnitskii (1968) , and these can also contribute to the differences observed here between the MSD predictions and the finite element predictions.
Conclusions
MSD provides an efficient framework for solving inverse problems in materials design. For a selected mechanical framework and a choice of microstructural design variables, MSD provides a framework to identify the complete set of microstructures that are predicted to maximize the performance criterion, while satisfying the design constraints. In the present paper, this was demonstrated in the design of an orthotropic thin plate subjected to an in-plane tensile load and made of polycrystalline copper material. The chosen mechanical framework comprised of the upper bound theory for elastic stiffness, the Taylor-type polycrystal code for plastic yield, and the Hill's anisotropic yield function was selected. The chosen microstructural design variable was the orientation distribution function (ODF). For this problem, it was found that the best performance was about 59% better than the worst performance, and corresponded to a (111) fiber texture parallel to the plate thickness. These results were confirmed by finite element simulations that employed the exact same mechanical framework and the same description of the microstructure.
